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Coupon Collecting and Cryptology 
BY MARIE CAPOZZA 

1. INTRODUCTION 

SECRET 

It is my intention to present in this paper some well-known and 
some new results found in the literature on coupon collecting and to 
point out some cryptologic applications. Sections 1 through 4 are 
unclassified, whereas section 5 on cryptologic applications and the 
bibliography and references are classified SECRET. 

Coupon Collecting Defined. 

Let us assume that a manufacturer encloses in each package of his 
product one coupon that is·chosen randomly from a stock of K dif­
ferent coupons. A customer who collects these coupons may gather 
some of them several times before he completes a set. The problem 
is to determine the probability of obtaining r distinct of the K coupons 
in n packages, where O ~ r ~ K . 

This is the classical occupancy problem, which is concerned with 
the random distribution of a specified number of objects (n) in a given 
number of cells (K ). 

2. SOME PRELIMINARY RESULTS 

Proba.bility Function. 

Given events A, , A2, . .. , A K, we wish to compute the probability 
of the event that at least one among the A ; occurs. That is, we look 
for A = A1 U A 2 U A a U ... U Ax. It is not, however, sufficient 
to know the probability of the individual events A; ; we must also be 
concerned with all possible overlaps. Let ! i 1, i 2, . • . , i, I be r distinct 
integers from the set {l, 2, ... , K }. Then, for every pair (i1 , i ~) , 
every triple (i,, i 2, i a) , etc., we must know the probability of the joint 
occurrence of events A;1 and A;1 ; the joint occurrence of events A,,, 
A,1 , and A ,, ; etc. Let 

p ;, = P (A ,), P,1•• = P (A ,, n A,,), . .. , P,,,, .. . ,,. = 

P (A;I n A ,t n .. . n A ,K>• 

The order of subscripts is irrelevant, but we shall always write the 
subscripts in increasing order. Thus, the probability of events 
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A 2 , A ff, and A s occurring simultaneously will have the unique repre­
sentation Pm . Let 

Each summation is overall i1, i2 , . .. , i, such that i1 < i2 < ... < i, 
~ K. In the sums, then, each combination appears once and only 
once; hence, S, has (K/r) terms, and SK has (K /K ) = 1 term,p12 .. . K, 

which is the probability of simultaneously realizing all K events. 

THEOREM: The probability P of the realization of at least one 
among the ~vents A1, A2, . . . , AK is given by 1 

(1) 

In our collector's problem we are purchasing n packages with 
coupons of K distinct kinds distributed at random in the packages. 
Each arrangement, therefore, has probability l /K 11

• We seek the 
probability p,(n, K) of not getting r of K kinds, i.e., of getting (K - r ) 
different coupons. 2 

Let A; be the event that we do not get coupon type j, where j can 
take on values 1, 2, .. . , K. In this event, all n packages have coupons 
of the (K-1) remaining types and this can happen in (K-1)" ways. 
Similarly, there are (K - 2)• arrangements, if we do not get 2 preas­
signed types of coupon, etc. 

Therefore, 

P ,, = ( 1 - i)", P,,,1 = ( l - ir • · · ·' 
( 1 - K K 1 

)"' p 12 .. . K = 0, 

and for 1 ~ " ~ K 

The probability that we are missing at least one type of coupon is 
given by (1) and therefore, the probability that all types are col­
lected is 

•see (6], p. 89 for proof. 
2H . von Schelling [23] treats the general case where the ill coupon has prob­

ability II, and n, + II1 + ... + nK = 1. 
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Thus 

SECRET 

p 0 (n, K), the probability of getting all K different types of coupon 
in a sample of size n, is 

(2) 

Now consider the distribution in which exactly r types of coupon 
are not present. These r types can be chosen in (K/r) ways. Then 
the (K - r ) types collected are distributed among the n packages in 
(K-r)" p.,(n, K-r) ways. Dividing by K 11

, we find the probability of 
finding ex·actly (K- r) different types of coupons in n packages. 

Pr (n, K) = ( ~) ( 1 - ;)" p., (n, K-r) 

Table 1 provides a numerical illustration. 

r 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

TABLE I 
Probabilities p, (n, 10) 

n = 10 n = 18 

0.000 363 0.134 673 
0.016 330 0.385 289 
0.136 080 0.342 987 
0.355 622 0.119 425 
0.345 144 0.016 736 
0.128 596 0.000 876 
0.017 189 0.000 014 
0.000 672 0.000 000 
0.000 005 0.000 000 
0.000 000 0.000 000 

(3) 

'The operator A has the following meaning assigned to it in the calculus of 
finite differences: A/ (x) - f(x + 1) - /(x) and A"' O• is the result of placing 
x - 0 in A"' x•. See 17], Table XXII. 
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Mean Waiting Time. 

Again we have K distinct coupons sampled ~th replacement. 
Because of repetition, a sample of n packages will, in general, contain 
fewer than K distinct coupons. As the number of packages pur­
chased increases, new coupons will appear more and more rarely. 
We are interested in knowing how many packages of the product we 
need buy to obtain r distinct types of coupon, where O ~ r 5 K. 

On the first purchase we collect one type. 
Let X; be the number of drawings necessary to get the next, U+l)st 

different coupon. Then, 

(4) 

where S r is the sample sire necessary to get r of K types of coupon. 
Once we have j different coupons, the probability of a new type is 

K -j 
P;= K (5) 

The number, X;, of drawings up to and including the drawing of a 
new element is 1 + Y;, where random variable Y; is the number of 
failures preceding the first success in Bernoulli trials with p; = (K - j)/K 
and Q;=j/K. Y ; has probability function q( p ; and E (Y;) = q;/P; . 

E (X;) = E (1 + ¥ 1) = 1 + q,/P; = 1 + l ~~K = K /(K - j ) (6) 

and therefore 
n K K 

E (~,) = E (1 + X 1 + ... + Xr-1) = 1 + K _ l + K _ 2 + 
K 

••• +K-r+l 

(7) 

For r = K we have 

- [1 1 ] E (Sx) = K K + K _ 1 + .. . + 1 , (8) 

the expected number of drawings to exhaust the entire population. 
Suppose that we have decimal digits. Then 
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is the expected length of the random digit sequence in order to have 
all 10 digits represent.ed. However, not.e that 

E (S&) = 6.46. 

This means that we can expect to get half of the population in about 
6 or 7 drawings, whereas the second half of the population requires 23 
more drawings, on the average. 

For sampling from random letters of alphabet size 26, i.e., K = 26, 

E (S 2a) = 100.20. ' 

We have the following approximation: 

1 1 1 K 1 K- r+l 1 
-+------+ +s=----. = r:- - L-K K - 1 • • • K - r + 1 v- 1 V v - 1 IJ 

1 1 JK p (x ) . [ = log K + 2 + 2K + 
1 
~ dx - log (K - r + 1) 

1 1 JK-r+t P1 (x) ] 
+ 2 + 2 (K - r + 1) + 

1 
~ dx , 

which for K very large 

K 
.., log K - log (K - r + 1) = log K _ r + 1 . 

Thus 
K 

E (S,) "" K log K _ r + 1 . (9) 

In particular., when r = K 

E (""gK ) ""'K log K. (10) 

The variance is given by 

Var (X ;) = Var (1 + Y 1) = q;/Pl 

·tK [ • ] ~ ( J K i') ~ K (K - j )' , 
(11) 

where Y; is a random variable with probability function q { p , . 

•See Table 3 on page 00 for the waiting time to collect all K types of coupon 
where 1 ::; K ~ 50. 
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Since all random variables X ; are independent, 

Var (S,) = Var (1 + X1 + X2 + ... + X ,-1) (12) 

= Var (X1) + Var (X 2) + ... + Var (X ,-1) 

K 2K (r - 1) K 
(K - 1)2 + (K - 2) 2 + • • • + (K - r + 1) 2 

[ 
1 2 (r - 1) ] 5 

= K (K - 1) 2 + (K - 2)2 + • • • + (K - r + 1) 2 (l3) 

or equivalently 

Var (S,) = K 2 [_i2 + (K ~ l) 2 + · · • + (K _ ~ + 1)2] 

- K [k + K ~ 1 + ... + K - ; + 1] 
6 

(14) 

From Yoxall's form for the variance with r=K and for K very large, 

K2 [_i2 + ... + 1] ~ K2 [ 1 + i 2 + i 2 + ... ] ~ K~1r2 

and 

Combining these, we have 

(15) 

(16) 

From Table 2 we see that most of the variance is due to the last 
coupon. 

•See Feller [6), p. 224. 
9 Yoxall's form for the variance [281. 
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TABLE 2 
Variance when K = 10 

r Var (S,) 

2 0.1234 
3 0.4359 
4 1.0482 
5 2.1593 
6 4.1593 
7 7.9093 
8 15.6970 
9 35.6870 

10 125.6870 

3. DISTRIBUTION OF THE FIRST REPEAT 7 

We are to continue random placement of balls in K cells until for 
the first time a ball is placed in a cell already occupied, i.e., a duplica­
tion of coupon occurs. The problem is to find the mean waiting time 
until the first duplication occurs. 

First, we find the probability that the process terminates at the 

nth step, i.e., we get a duplication at the nth trial. Let J = U1, j2, ... , 
in) denote the l •1, 2nd, ... 'nth ball placed in cell number j1, j 2, . . . , j •. 
We have 1 ~ j ; ~ K, since there are K categories. 

The first (n-1) are all different and the last one is the same as one 
of the first (n-1) . Each coupon is selected with equal probability; 

~ 

therefore the probability of any particular J is (1/K )". We can select 
the first (n-1) components of the vector in K (K- l ) (K-2) ... 
(K-n+2) ways and the last component j", being a duplication of 
one of the first (n-1) components, can be selected in (n - 1) ways. 

Therefore, 

P (duplication at the nth trial) = (K)n-i ;F: - l) 

_ K(K - 1) ... (K - n + 2) (n - 1) 
- K" 

(f)( K K 1) ... (K -; + 2)(n K 1) 
( 1 - i) ( 1 - ;) .. . ( 1 - n K 2) ( n K l ) = q. (17) 
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P (duplication at 1 •1 trial) = O 

P (duplication at 2"d trial) = 1/K 
P (process lasts longer than n trials) = P (l •1 n are all different) 

= 1 - (q1 + q2 + • • • + qi) = (~~n = Pn {18) 

(K)K.,_; . 
Px+j = ~ = 0 for J ;?: 1 

and 
q1 + q2 + ... + qx+1 = 1. 

Now we find the mean. 

~ 1 K+i n K! n - 1 
E (N) = .. ~ n q. = "~ (K - n + 1)! Kn 

= ~ K! n (n - 1) 
,._ 0 (K - n + l)! Kn • 

Since 

we have 

E (N) = }:1 (K - 1) n: i 
,._ 0 n - 2 K" 

~
1 

( K ) n! W (K - 1) n! 
= L n - 1 K"- 1 - L n - 1 K"- 1 

n-0 ••0 

K K! n + 1 K K! n 
= ,.~ (K - n)! Kn - ,.; (K - n)! Kn 

x Kl 1 
= .. ~ (K - n)! K• 

K! 1 K! 1 K! 1 
= K! K • + (K -1)! K + ... + (K - K)! KK 

( K-1) (K-l)(K-2) (1) =l+l+ -r + ... + ---X- -r ... K 

= 2 + ( 1 - k) + ( 1 - k) ( 1 - l) + . . . + 

( 1 - k) ( 1 - i) . . . ( 1 - K K 1) ' 

the mean waiting time to the first repeat. 
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We can find the asymptotic expansion for the waiting time by in­
troducing the gamma function integral: 

E (N) 
K K! 1 

= L (K - n)' K " n - 0 • 

= L -K (K) n! 
n- o n K '" 

K (K) 1 f "' = L . e-" x" dx 
,..o n K o 

= J: e- r [t (~)(;)'] dx 

= J: e-·" ( 1 + ; ) K dx 

= K J: e - K lu- lo11(J+u)J dy. 

Make the substitution t = y - log (1 + y ). 

E (N ) = K J: e - K t (t) dt 

t = y - log (1 + y) - y 2/2 -ya/3 + y4/4 .. . = y 2/2 {1 - 2/3 y + 1/2y2 
• •• ] 

tll2 = y/y'2 fl - 2/3 .v + 1/2 y2 . . . J 112 

y = y'2 tl / 2 + 2/3 t + '{; t 312 - 1!5 t 2 • • • 

!& = v'2 t- I 12 + 2/3 + v'2 t 112 - ~ t dt 2 12 135 • • • 

Integrating, we obtain 

E (N ) = K J: e -K• ['f' t - I 12 + 2/3 + Y} t 112 
- 1; 5 t + . .. ] dt 

_ [y"i;K 2 v'2 0 4 1 ] 
- K '2K + 3K + 12 2K K - 135 °K2 + •• • 

y'2d( 2 y7i:;K 4 ( 1 ) 
= -2- + 3 + 24K - 135 + O K 3t2 • 
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where 0( ) is the large 0-notation. Since 

E (N 2
) = 2K + E (N), 

we have 

Var (N ) = 2K + E (N) - (E (N W 

_ K ( 2 _ 2!:.) _ v1'i;R + 8 - 31r + 17y'2i + 0 (..!...\ 
- 2 6 36 1080 K KJ • 

Now we find the asymptotic distribution as K - 00
• Using Stirling's 

formula, P (duplication at n 11• trial) 

_ Kl (n - 1) 
- (K - n + 1)! K • 

K + •12 e - K ~ (n - 1) 
::,, (K _ n + l ) !K··n+3/2 e - K + n- 1 y12; K " " 

Since (n - 1) ,..._, VK, let (n - 1) = .../Kx. Then 

KK+ 112 e-K .../Kx 

P (n = v'Kx) = (K _ v'Kx) K - -.fK%+1 12 e-K+./7[z Kv'il..+1 

X 1 
= v'K e,ft['( X )K- ../Xz+112 • 

1 - v"K 
As K becomes large 

log [•A•( l _ Jx.rh•+"' ] ~ •; 

P (n = vKx) "" )K e-•21
' 

' 

and 

Hence we have asymptotically 

p (."IK ~ A) = e- A• 12 . 

8 This is the Rayleigh distribution with parameter a - 1. See [17], p. 181. 
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4. LIMITING DISTRIBUTION. 

For large K, use of (3) for computation becomes exceedingly tedious. 
Several authors have stated without proof that when n/K is suitably 
restricted the limiting distribution of the number of missing coupons 
as n, K approach infinity is normal. The following will very briefty 
indicate that a proof of this is due to Irving Weiss [27]. 

Asymptotic normality is shown by using moments rather than 
probabilities. These moments are obtained by defining a simple · 
random variable over our sample space. It can be shown that the 
moments converge to the moments of the normal distribution and 
from this it follows (by a theorem in Uspensky [24]) that the dis­
tribution of the random variable converges uniformly to the normal 
distribution 

n 
Let a= K a> 0. 

We define a random variable X ,; as follows: 

X ;; = 1 if coupon j is drawn on the i th draw 

= 0 otherwise 

j = 1, ... , K 

i = 1, .. . , n. 

The K elements are sampled one at a time and then replaced. 

We define another random variable 

X; = 1 if i:, X.-i = 0 
i•J 

= 0 otherwise. 

That is, X; is one if in drawing a sample of size n, the jth coupon never 
appears. Assuming that all K coupons are equally likely to be drawn 
and that then trials are independent, we have 

Also as 

then 

1 
P (X,; = 0) = 1 - K 

p (X; = 1) = E (X ;) = ( 1 - i y. 
2 

P (X ,; or x,k = 1) = K, 

P (X,.,. and x ,.k = 0) = ( 1 - _i) 
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and 

likewise 

If we put 

we find 

E ( X ) = K ( 1 - k)" = K ( 1 - k) aK 

lim ~ -a 
K .... ' K = e 

X is the number of distinguishable coupons that have not appeared 
in the above sampling process, while (E (X ))/K is the proportion of 
such coupons that have not appeared. We see that as K becomes 
infinite, E (X) becomes infinite, but (E(X )) / K approaches a limit. 

The central moments of the normal distribution are : 

µ k = (u2)k12 1 • 3 • 5 ... • (k - 1) fork even 

= 0 fork odd. 

It is shown that X defined above has an asymptotically normal 
distribution by showing that 

lim µ A- k fi k K .... "' ( u 2)k t2 = 1 • 3 ... ( - 1) or even, (19) 

= 0 fork odd. 
Begin by computing 

o-2 = E ( X

2) - [E ( X ) ] i 

( 
l) "K ( 2) ( l)2aK = K 1 - K + K ( K - 1 ) l - K aK - K 2 

1 - K . 

Each of the above three terms on the right is analytic in the annular 
region 

R = (K: 0 < n ~ K ~ R < co } • 

Also, a finite sum of analytic functions is analytic. Consequently, 
u 2 has a unique Laurent series expansion in powers of K. This im-
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plies that no matter how the series is evaluated, we _will always obtain 
the same result. 

Using the following formulae, 

( 1 _ k) kK = (!K log( 1 - k) = e-k; ( 1 + 4 + 
3
~ 2 + • • • ) 

= e-ki 1 - .!!l.... - - f}L, - !!::L_ + 0 -• ( k • 1 (k ·a k
2 
'')) ( 1 ) , 

2K K 2 3 8 K 2 

where o( ) is the small o-notation, we obtain 

112 =· K (e- a - (a + 1) e-'a) + 0 (1) 

= K 1120 + 0 (1). 

(20) 

In somewhat analogous manner, it can be shown that fork even the 
k th central moment, µ k, can be uniquely expanded in Ras a Laurent 
serie1;1 of the following form: 

(21) 
where 

P . = (112.)k12 1. 3 ... (k - 1). 

Fork odd it can be shown that 

(22) 

Using (20), (21), and (22), formula (19) will follow. 
It is well known µ k/((112)t12) is the k t h centralmomentofanormalized 

(or standardized) random variable obtained from X by 

5. CRYPTOLOGIC APPLICATIONS 

Coupon Collector's Test for Randomness.9 

R. E. Greenwood tested the digits of ,r under the null hypothesis 
that they have random properties. Using the 2035 decimal approxi­
mation to ,r given by G. W. Reitwiesner10, Greenwood began with the 
initial position 3 and found that 33 positions were required to collect 
all ten digits. Beginning again at position 34, he found that 18 posi-

9 (9] and [111 

10ibid. 
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tions were needed to collect another complete set. Proceeding in this 
manner, 67 sequences of complete sets were obtained. 

The observed results were then compared with the expected results 
using -a chi-square test and no significant difference was noted. W. 
Jones11 performed a similar test on the digits in the· expansion of e 
and obtained the same result. 

Statistical Inference: Coupon Collector's Test for the Number of Code 
Groups. 

Suppose that there are K different code groups. Suppose that we 
have a message of n code groups of which rare different, r ~ n, since 
we may have repeats. If K , n, and r are known, we may want to 
find the mean and variance of the message size n required to give all 
(or all but K - r ) of the code groups. Or, if K is unknown we may 
want to estimate K from the values of n and r. 

In both cases, we asswne that the underlying population is flat, a 
condition that is not easily satisfied. 

Coupon Collecting and Key Card Generation. . . . . . . . . . 
Key card generation is carried out inQ u

0

shl~ 
0

the method of 
coupon collecting. 

Suppose we have a 12 x 12 field on a key card in which we are to 
place punches in the following manner: 

Place a punch at random in row 12, then proceed to place a punch 
at random in row 11, 10, ... , 1 with the requirement that there be 
one and only one punch per colwnn and one and only one punch per 
row. If in our random placement of a punch we hit a forbidden posi­
tion, do not punch this position, but count this as a trial, and try • 
again to place a punch at random in that row. 

We wish to know how many trials we may expect to make before 
all 12 rows and columns have a punch, i.e., the waiting time until we . 
collect all 12 coupons. 

If it takes too many trials to complete our matrix, then our "ran- • 
dom" process of position selecting is not truly random since it has a • 
tendency to select one or more positions. Of major concern to Fl' 
is how to set upper and lower bounds on the number of trials that 
should be allowed in filling in one card or group of cards. The method 
now used is to test 10 cards at a time using upper and lower bounds 
that have been set empirically. 

11 ibid. 
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Coupon Collecting and Alphabet Generation. 

5ECRO 

Not,e: There are three papers written for NSA in the list of refer­
ences ([1], [2], and [20]) that have not been discussed in this 
paper and that deserve special note. 

In [1), Baum and Billingsley present four theorems dealing with the 
asymptotic distribution of WK, where WK is the drawing on which for 
the first time aK+ 1 distinct population elements have been sampled, 
O~ ax <K. 

Chase and Rubin [2] discuss the approximation of the distribution 
function of sums of independent random variables distributed as 

In f20J Rubin and Zidek obtain an exact distribution for S, and 
then derive an asymptotic approximation to this distribution for the 
case r = K. 
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TABLE 3 

Expected waiting time until all K coupons are collected, where K is 
the number of categories. 

K E (K) K E (K) 

1 1.00 26 100.20 
2 3.00 27 105.06 
3 5.50 28 • 109.96 
4 8.25 29 114.90 
5 11.42 30 119.85 
6 14.70 31 124.84 
7 18.15 32 129.86 
8 21.74 33 134.94 
9 25.46 34 140.01 

10 29.29 35 145.15 
11 33.22 36 150.30 
12 37.24 37 155.47 
13 41.34 38 160.66 
14 45.53 39 165.87 
15 49.77 40 171.16 
16 54.00 41 176.42 
17 58.48 42 181.73 
18 62.91 43 187.05 
19 67.41 44 192.41 
20 71.96 45 197.78 
21 76.55 46 203.18 
22 81.20 47 208.59 
23 85.88 48 214.03 
24 90.62 49 219.47 
25 96.40 50 225.05 
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